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Reliability predictionAbstract Existing Physics-of-Failure-based (PoF-based) system reliability prediction methods are
grounded on the independence assumption, which overlooks the dependency among the compo-
nents. In this paper, a new type of dependency, referred to as failure collaboration, is introduced
and considered in reliability predictions. A PoF-based model is developed to describe the failure
behavior of systems subject to failure collaboration. Based on the developed model, the
Bisection-based Reliability Analysis Method (BRAM) is exploited to calculate the system reliabil-
ity. The developed methods are applied to predicting the reliability of a Hydraulic Servo Actuator
(HSA). The results demonstrate that the developed methods outperform the traditional PoF-based
reliability prediction methods when applied to systems subject to failure collaboration.
 2016 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is
an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Reliability prediction plays a significant role in reliability engi-
neering. Since the Reliability Analysis Center (RAC) proposed
the first known reliability prediction method in 1956,1 enor-
mous effort has been dedicated to developing more accurate
reliability prediction methods. According to Goel and Graves,2the existing reliability prediction methods can be categorized
into the empirical-based (or handbook-based) and Physics-
of-Failure-based (PoF-based) methods. Empirical-based meth-
ods, such as those in MIL-HDBK-217F, use historical data
from handbooks to make predictions. PoF-based methods,
however, are based on the Time-To-Failures (TTFs) predicted
by deterministic PoF models.3,4
Since the 1990s, increasing doubts have been cast over the
accuracy and validity of the empirical-based reliability predic-
tion methods.5 Thus, Pecht et al.5 first proposed to use deter-
ministic PoF models to predict reliability of electronic
products, which comprises three steps: first, a deterministic
model is developed based on PoF models to predict the TTF
of the system; then, parametric uncertainties of the system
TTF model are identified and represented by their Probability
Density Functions (PDFs); finally, system reliability is
predicted by propagating the parametric uncertainties based
Fig. 1 Schematic of power divider.
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further elaborated on the method and developed software to
aid its application in electronic equipment.7 In 2003, IEEE
adopted the PoF-based reliability prediction method and rec-
ommended it as a general procedure for system reliability pre-
dictions.8,9 Since then, the PoF-based system reliability
prediction method has been widely applied in both academia
and industries.10–14
Using PoF models to predict the TTF of the system is the
first and most important step in PoF-based system reliability
prediction. In literature, it is assumed that the failure behavior
of all the components is independent from one another (the
independence assumption).6 Therefore, the TTF of each com-
ponent is completely determined by its PoF models, and the
component with the shortest TTF determines the TTF of the
system.3,4 In practice, however, rather than being independent,
the failure behavior of the components is always dependent on
one another.15 The dependency should be considered to make
the predicted reliability more accurate.
Various approaches have been developed to model the
dependency. For example, Kotz et al.16 used a multivariate dis-
tribution to describe the dependency among the components
and investigated the efficiency of parallel systems under differ-
ent types of component dependencies. Navarro and Rychlik17
calculated Mean Time To Failure (MTTF) and bounds of reli-
ability for a coherent system where the dependency among its
components is described by multivariate distributions. Ebra-
himi and Hua18 used a copula function to assess the reliability
of a nanocomponent considering the interactions among the
atoms that compose the nanocomponent. Mo et al.19 presented
a multiple-value decision diagram based method to consider
the statistical dependence of component states in a phased-
mission system. Levitin et al.20 developed a probabilistic model
to describe the dependent failure behavior of some compo-
nents with respect to productivity or loads. Vasan et al.21 pre-
sented an integrated framework of fault diagnostic and
prognostic to monitor and predict the remaining useful perfor-
mance of analog electronic circuits where multiple components
degrade simultaneously. Peng et al.22 described the dependency
between a degradation process and a random shock process
via Monte-Carlo simulations. Dependency between other
types of degradation and random shocks is also discussed by
Rafiee,23 Fan,24 Song,25,26 Lin,27 and Zhang et al.28
Most existing approaches that consider dependency are
based on probabilistic models and rely on large amount of fail-
ure data to estimate the model parameters. In practice, how-
ever, the available failure data are always limited. An
alternative solution is to develop deterministic models to
describe the dependent failure behavior by understanding the
root cause of dependency. Till now, two root causes of depen-
dency have been frequently investigated in literature, i.e., the
Common-Cause-Failure (CCF) effect and the cascading failure
effect. The CCF refers to the dependency among a group of
components that are subject to common failure causes or com-
mon loads.29 For these components, the failure behavior is
dependent since it is influenced by common factors. For exam-
ple, in the accident of Fukushima nuclear power plant,30 both
the main and backup cooling systems were cut off simultane-
ously due to a common cause, the tsunami. The cascading
effect refers to the situation in which the failure of one compo-
nent might cause the failure of other components.31 For exam-
ple, when a node in a power grid network fails, the nodesconnected to the failed node are more prone to fail due to
the rebalance of loads.32,33
In practice, many systems rely on the joint contribution of
several components to fulfill their functions. For these systems,
a new kind of root cause for dependency arises from the col-
laborative failure behavior among the components. In this
paper, this kind of dependency is referred to as failure collab-
oration. The reliability of systems that are subject to failure
collaboration is modeled and analyzed in this paper. The
remainder of this paper is structured as follows. Section 2
introduces the concept of failure collaboration and illustrates
it with an example. In Section 3, we develop a PoF-based
model to describe the failure behavior of the systems subject
to failure collaboration. Based on the developed failure behav-
ior model, a reliability prediction method is developed in Sec-
tion 4. Finally, Section 5 concludes this paper and discusses
possible future work.
2. Failure collaboration: concepts and examples
In this section, the concept of failure collaboration is intro-
duced and illustrated with an example. When a group of com-
ponents collaborates to fulfill a system’s function, the failure
behavior of one component might be influenced by the other
components, which causes dependency among the compo-
nents. This kind of dependency is referred to as failure collab-
oration, since it is caused by the joint effect of components on
a common function.
We give an example to illustrate the failure collaboration.
Fig. 1 shows the power divider circuit. Comprised of two impe-
dances X1 and X2, the circuit transfers Uin, the input voltage,
into Uout, the output voltage. The functional requirements of
the power divider are given as follows:
UL < Uout < UU ð1Þ
where UU and UL are upper and lower failure thresholds,
respectively. In other words, the circuit fails when Uout > UU
or Uout < UL.
The failure behavior of X1 can be described based on its
PoF model. According to Ref.34, the PoF model which
describes the failure behavior of X1 is
X1ðtÞ ¼ X0;1 þ k1t ð2Þ
where X0;1 and k1 are constants associated with environmental
and use conditions. Let Xth;1 denote the value of X1 when the
1296 Z. Zeng et al.system fails (Uout > UU or Uout < UL). Then, the TTF of X1 is
determined by calculating the moment when X1ðtÞ ¼ Xth;1:
TTF1 ¼ ðXth;1  X0;1Þ=k1 ð3Þ
Eqs. (2) and (3) describe the failure behavior of X1.
Based on circuit laws, Uout is determined by X1 and X2:
Uout ¼ X1
X1 þ X2Uin ð4Þ
It can be seen from Eq. (4) that X1 and X2 work together to
ensure the normal functioning of the circuit. Thus, the value of
X2 would influence the failure threshold of X1. Suppose
t ¼ TTF, and the circuit fails. From Eqs. (1) and (4), we have
Xth;1 ¼
UUX2ðTTFÞ
Uin UU k1 P 0
ULX2ðTTFÞ
Uin UL k1 < 0
8><
>:
ð5Þ
From Eq. (5), we can see that the failure threshold of X1,
****Xth;1, changes as X2 degrades over time. Thus, the failure
behavior of X1 is dependent on the failure behavior of X2. The
dependency is further illustrated in Fig. 2 by recording how the
TTF of X1 changes when X2 degrades over time. This kind of
dependency, which is caused by the fact that the failure thresh-
old of a component might be affected by the failure behavior
of other components, is regarded as failure collaboration in
this paper.
In the traditional PoF-based system reliability prediction
methods, the independence assumption is used to predict the fail-
ure behavior of the system. Under this assumption, the failure
behavior of each component is modeled separately via the corre-
sponding PoF model. The component with the shortest TTF
determines the failure behavior of the system. The independence
assumption implies that the failurebehaviorof each component is
not influenced by the other components in the system. This
assumption, however, does not holdwhen the systems are subject
to failure collaboration. As illustrated in Fig. 2, when failure col-
laboration exists, the failure behavior of the components is
dependent on the failure behavior of the other components.
The traditional PoF-based system reliability prediction methods
need to be improved to account for the effect of failure
collaboration.
3. Failure behavior modeling considering failure collaboration
A deterministic PoF-based model is developed in this section
to describe the system’s failure behavior considering failureFig. 2 Dependence of TTF1 on degradation of X2 ðX0;1 ¼ 10 kX;
k1 ¼ 1:8 103 kX=h; UU ¼ 5 V; UL ¼ 4:5 V; Uin ¼ 20 VÞ.collaboration. The developed failure behavior model will
be applied in Section 4 to predict the reliability of the
system.3.1. PoF-based failure behavior model
In this paper, the failure behavior of a system (or a compo-
nent) is modeled in terms of its performance parameters. It is
supposed that the required function of a system (or a compo-
nent) will not be fulfilled if and only if the following inequality
holds:
pP pth ð6Þ
Then parameter p is defined as a performance parameter,
while pth is defined as the failure threshold associated with p.
It is clear from Eq. (6) that a failure occurs whenever
pP pth. Thus, in this paper, system failure behavior is
described by a model that predicts pSðtÞ where pS is the perfor-
mance parameter of the system. It should be noted that the
performance parameter p defined by Eq. (6) is smaller-the-
better (STB), i.e., the smaller p is, the safer the system (or
the component) will be. In reality, there are also larger-the-
better (LTB) parameters where p 6 pth indicates a failure,
and nominal-the-best (NTB) parameters where both
p 6 pth;L and pP pth;U indicate a failure.
In practice, pS can be obtained by developing Physical
Functional Models (PFMs). The PFM is a physical model
which describes how the system functions. A PFM can be
described conceptually as
pS ¼ fPFMðzÞ ð7Þ
where pS denotes the system’s performance parameter,
fPFMðÞ denotes the PFM, and z denotes the input parameter
for the PFM. A variety of software is available to help
develop the PFMs for most commonly encountered engi-
neering systems. For example, the PFM of electrical circuits
can be developed by software like PSpice; for control sys-
tems, MATLAB Simulink can be used to develop the PFMs;
for hydraulic systems, the PFM can be developed by soft-
ware like AMESim.
Some elements of z are influenced by failure mechanisms
and therefore degrade over time. It is the degradation of these
elements that causes the degradation of pS over time. These ele-
ments are regarded as degradation sensitive parameters and
denoted by zd. The degradation of zd can be modeled by corre-
sponding PoF models. By substituting the degradation of zd
into the PFM, we will be able to model the variation of pS over
time. This motivates the system failure behavior modeling
method presented in Fig. 3.
The method comprises four steps. First, the PFM for the
system is obtained. The PFM should be obtained through
the corresponding domain knowledge. Commercial software
such as PSpice, MATLAB Simulink and AMESim could be
used to develop the PFMs.
Then, the degradation sensitive parameters, zd, are identi-
fied. A Failure Modes, Mechanisms, and Effects Analysis
(FMMEA) should be performed to identify zd.
35 When there
are too many candidates for zd, a sensitivity analysis should
be employed to ensure that only the most sensitive parameters
are identified.
Fig. 3 Four-step failure behavior modeling method.
Fig. 4 Bisection-based method to calculate TTF.
Table 1 Components and degradation sensitive parameters of
HSA.
Index Component Degradation
sensitive parameter
Failure
mechanisms
1 Electrohydraulic
servo valve (ESV)
CoD x1 Wear
2 Spool 1 CoD x2 Wear
3 Spool 2 CoD x3 Wear
4 Spool 3 CoD x4 Wear
5 Spool 4 CoD x5 Wear
6 Hydraulic cylinder
(HC)
CoD x6 Wear
Note: CoD—Clearance on diameter.
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tive parameter should be established, denoted by the fFMðÞ in
Fig. 3. The FMMEA at the previous step can also contribute
to the identification of the PoF models. For a review of
commonly encountered PoF models, readers might refer to
Refs.36–39.
Finally, the PoF models governing the degradation of zd are
combined with the PFM in order to develop a model for pSðtÞ.
It is supposed that the model for pSðtÞ is denoted by
pS ¼ fpðx; tÞ ð8Þ
where x is a combination of the input parameters of the
involved PoF models. Then, the TTF of the system can be
derived from Eq. (8) by calculating the moment when pS
reaches its failure threshold pth for the first time:
TTF ¼ fTTFðxÞ ¼ inffargtðfpðx; tÞP pthÞg ð9Þ
Eqs. (8) and (9) are used to describe the failure behavior of
systems subject to failure collaboration.
In most cases, we cannot obtain analytical solutions for
Eq. (9). Thus, a numerical method based on the bisection search
algorithm is presented in Fig. 4 to solve Eq. (9) numerically. In
Fig. 4, the parameter tol stands for tolerances. Applying the
algorithm requires that fpðx; tÞ is a monotonic decreasing func-
tion of t over the interval ðtL; tUÞ. A monotonic increasing
fpðx; tÞ should be first transformed into a decreasing function.
The failure behavior models developed following the proce-
dures in Fig. 4 consider the influence of component degrada-
tion on system functions (described by the PFM). Compared
to the traditional PoF-based failure behavior models that
ignore the effect of failure collaboration, the developed model
provides a more realistic characterization of the system’s fail-
ure behavior. A detailed comparison of the two methods is
conducted through a case study in Section 3.2.
3.2. A case study
In this section, the 4-step method in Fig. 3 is applied to mod-
eling the failure behavior of a Hydraulic Servo Actuator
(HSA) and compared to the traditional PoF-based model
based on the independence assumption. Comprised of the 6
components presented in Table 1, the HSA transforms input
electrical signals, xinput, into the displacement of the hydrauliccylinder (HC). The performance parameter of the HSA is the
attenuation ratio measured in dB:
pHSA ¼ 20 lg
AHC
Aobj
ð10Þ
where AHC denotes the amplitude of the HC displacements
when input signal xinput is a sinusoidal signal, and Aobj denotes
the objective value of AHC. Failures occur when
pHSA P pth ¼ 3 dB.
The 4-step method in Fig. 3 is applied to modeling the fail-
ure behavior of the HSA. The PFM of the system is established
in AMESim (Fig. 5). The degradation sensitive parameters and
the failure mechanisms that influence them are also analyzed
and listed in Table 1.
From Table 1, we can see that all the components are influ-
enced by wear. According to Ref.39, the wear of the six compo-
nents can be modeled by the PoF model as
Fig. 5 PFM of the HSA.
Fig. 6 Predicted failure behavior of HSA.
Table 2 TTFs predicted by independence assumption.
Component Threshold (mm) TTF (105 h)
1 0.0015 4:23
2 0.770 355
3 0.070 29:2
4 0.065 26:4
5 0.070 16:2
6 0.050 9:77
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lg Ki ¼ 5 lg li  2:27
Wa;i ¼ 130AiHiwi F32ð
hi
ri
Þ  F3
2
hi
ri
þ 1wi2
 h i
þ 1
10
pAiHiF1
hi
ri
þ 1wi2
 
Ai ¼ pDiLj;i
FnðuÞ ¼
R1
u
ðt uÞnet22 dt
8>>>><
>>>>:
ð11Þ
where f denotes the frequency of the valves or HC (f ¼ 0:5 Hz
in this case), xi denotes the radial clearance of the ith compo-
nent, x0;i denotes the initial value of xi, Lm;i denotes the wear
stroke of the ith component, Hi denotes Brinell hardness of
the ith component, Ki denotes a coefficient associated with
the wear process of the ith component, li denotes the friction
coefficient of the ith component,Wa;i denotes the asperity load
of the ith component, Di denotes the diameters of the ith com-
ponent, Lj;i denotes the contact length of the ith component, wi
denotes the plasticity index of the ith component, and hi=ri
denotes the film thickness ratio of the ith component.
By substituting xiðtÞ ði ¼ 1; 2; . . . ; 6Þ described by the PoF
models in Eq. (11) into the PFM, we can obtain the model
which describes the variation of pHSA over time. The TTF of
the HSA can then be calculated by Eq. (9), given that
pth ¼ 3 dB.
The developed model is used to predict the failure behavior
of the HSA, as shown by the solid line in Fig. 6. The TTF of
the HSA is calculated using the numerical algorithm in Fig. 4
with the parameters of the numerical algorithm
tL ¼ 0 h; tU ¼ 1:75 109 h; tol ¼ 103. The predicted TTF is
TTFFC ¼ 3:04 105 h.
As a comparison, we also use the traditional PoF method to
model the failure behavior of the HSA. Since the traditional
PoF method assumes that all the components are independent,
and the component with the shortest TTF determines the fail-
ure behavior of the system. The TTF of each component is
determined by substituting the failure thresholds in Table 2
into the corresponding PoF model. The calculated TTFs are
given in Table 2. From Table 2, the failure behavior of the
HSA is determined by Component 1, which is represented by
the dashed line in Fig. 6. The predicted TTF of the HSA is
TTFIND ¼ 4:23 105 h.It can be seen from the above results that after the effect of
failure collaboration is considered, the predicted TTF of the
HSA is shorter than the shortest TTF among the components.
The results can be explained by analyzing how the components
collaborate to cause the failure of the system (Fig. 7), which
shows how the individual degradation of each component
affects the degradation of pHSA. It can be seen from Fig. 7 that
the degradation of all the 6 components leads to the increase of
pHSA. In the traditional PoF method where the components are
assumed to be independent and the TTF of each component is
calculated separately, the joint effect from the other compo-
nents is ignored. The developed method, however, takes the
joint effect into account and thus results in a more realistic pre-
diction of the system’s failure behavior.
4. Reliability prediction based on failure behavior model
In this section, we develop a system reliability prediction
method based on the developed failure behavior model. First,
a new reliability analysis method, the bisection-based reliabil-
ity analysis method (BRAM), is developed in Section 4.1.
The method is then applied in Section 4.2 to predicting the sys-
tem’s reliability.
4.1. Developed method
We suppose that the failure behavior model of the system takes
the form of Eq. (8) and the failure threshold is pth. The relia-
bility of the system can be calculated by propagating the para-
metric uncertainty in Eq. (8). When the parametric uncertainty
is considered, x in Eq. (8) becomes a vector of random vari-
ables. If we define a limit state function as
Fig. 7 Using PFM to calculate PHSA.
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then the reliability at t can be calculated by
RðtÞ ¼ PfGðx; nÞ > 0g 8n 2 ½0; t ð13Þ
Note that in most real cases, the effect of the failure mech-
anisms is irreversible. Thus, we assume that the failure behav-
ior model in Eq. (8) is a monotonic increasing function of t.
Then, Eq. (13) can be simplified as
RðtÞ ¼ PfGðx; tÞ > 0g ð14Þ
In traditional reliability analysis methods, Eq. (14) is calcu-
lated via a double-loop method. First, ½0; t is discretized into a
number of intervals, ½0; t1; ½t1; t2; . . . ; ½tn; t. Then, for each
ti ði ¼ 1; 2; . . . ; nÞ, RðtiÞ is calculated by Monte-Carlo simula-
tions. The double-loop method is very computationally inten-
sive, especially for large t.
On the other hand, from its definition, the system’s reliabil-
ity can also be predicted via Eq. (15).
RðtÞ ¼ PfTTF > tg ¼ 1
Z t
0
pTTFðnÞdn ð15Þ
where pTTFðnÞ denotes the PDF of the systems’ TTFs. Given
the failure behavior model in Eq. (8), the TTFs can be calcu-
lated via the bisection algorithm in Fig. 4. If we combine the
bisection algorithm with the Monte-Carlo simulation method,
the reliability can be calculated via Eq. (15), which will greatly
reduce the required computational costs. This motivates
BRAM:
Step 1: Generate n random samples of x, which are denoted
as x
ð1Þ
S ; x
ð2Þ
S ; . . . ; x
ðnÞ
S .
Step 2: For i ¼ 1; 2; . . . ; n, calculate TTFðiÞ according to
Eq. (16), using the bisection algorithm in Fig. 4.Fig. 8 Reliability calculated by double-loop method and bisec-
tion-based reliability analysis method (BRAM).
TTFðiÞ ¼ argtðfpðxðiÞS ; tÞ ¼ pthÞ ð16ÞStep 3: Sort TTFðiÞði ¼ 1; 2; . . . ; nÞ in descending order. Let
ti ¼ TTFiði ¼ 1; 2; . . . ; nÞ, where TTFi denotes the ith lar-
gest element among TTFð1Þ;TTFð2Þ; . . . ;TTFðnÞ.
Step 4: Calculate RðtiÞ according to RðtiÞ ¼ i=n. RðtiÞði ¼
1; 2; . . . ; nÞ is a pointwise approximation of RðtÞ.
As a demonstration, BRAM is applied to calculating the
reliability of the HSA discussed in Section 3. As a comparison,
the double-loop method is also applied under the same condi-
tions. The results are given in Fig. 8.
In the double-loop method, we conduct a large number of
Monte-Carlo simulations ðN ¼ 1:51 105Þ. Thus, the result
from the double-loop method is used as a benchmark solution
to check the accuracy of BRAM. The efficiency of the two
methods is compared in Table 3 based on the total evaluations
of the Failure Behavior Model (FBM). The results demon-
strate that in order to achieve the same amount of accuracy,
BRAM requires far less computations than the double-loop
method.
Table 3 Computational costs of double-loop method and BRAM.
Double-loop method BRAM
Number of ti Samples to calculate RðtiÞ Total samples Numbers of FBM evaluations Total samples Numbers of FBM evaluations
51 3000 1:53 105 1:53 105 1000 6845
1300 Z. Zeng et al.4.2. System reliability prediction based on FBM
Based on the FBM and BRAM, the reliability of systems sub-
ject to failure collaboration can be predicted following a three-
step procedure: first, the FBM of the system is developed fol-
lowing the PoF-based method presented in Section 3; next, the
PDFs of the input parameter x are identified to account for the
effect of parametric uncertainty; finally, the system’s reliability
is calculated using BRAM.
For some elements in x, the parametric uncertainty can be
controlled in design and manufacturing processes by assigning
tolerance requirements. The tolerance requirements for these
parameters can be transformed into a normal distribution,
Nðl; r2Þ, according to the 3-r principle:
l ¼ ULþ LL
2
r ¼ UL LL
3
8><
>: ð17Þ
where l and r are the parameters of the normal distribution
and UL and LL are the upper and lower limits of the tolerance
requirements. For these parameters, the PDFs can be deter-
mined according to Eq. (17) based on the tolerance require-
ments. For other parameters that do not have tolerance
requirements, e.g., environment temperature or vibration, the
PDFs should be determined by measuring the variations of
the parameters.
The three-step procedure is applied to predicting the relia-
bility of the HSA, whose failure behavior model has been
developed in Section 3. The result of the reliability prediction
is given in Fig. 9. We also calculate the MTTF based on the
predicted reliability, which is MTTFFC ¼ 3:04 105 h.
As a comparison, the traditional PoF-based reliability pre-
diction method which is based on the independence assump-
tion is also used to predict the reliability of the HSA. The
result is given as the dashed line in Fig. 9. The predicted
MTTF based on the independence assumption is
MTTFIND ¼ 3:92 105 h.Fig. 9 Results of reliability predictions.It can be seen from Fig. 9 that the reliability curve predicted
by the developed method lies to the left of the one predicted by
the traditional PoF method. Besides, the predicted MTTF
obtained from the developed method is shorter than the one
from the traditional method. The results indicate that the tra-
ditional method overestimates the reliability of the HSA. The
reason is that, as demonstrated in Section 3, the failure collab-
oration among the components in the HSA accelerates its fail-
ure processes. The traditional PoF-based reliability prediction
method is based on the independence assumption and does not
consider the effect of failure collaboration. The developed
method, however, takes the effect into account and thus pro-
vides a more realistic prediction of the system’s reliability.
5. Conclusions
In this paper, a new type of dependency, the failure collabora-
tion, is introduced. A PoF-based model was developed to
describe the failure behavior of systems subject to failure col-
laboration. Based on the developed failure behavior model, a
system reliability prediction method was developed. An actual
case study demonstrates that the developed methods outper-
form the traditional one in predicting the reliability of systems
subject to failure collaboration.
The developed reliability prediction method mainly focuses
on the dependency among components. In fact, when a com-
ponent is subject to several failure mechanisms, dependency
might also exist among the failure mechanisms. In the future,
the dependency among the failure mechanisms should also be
considered in order to develop a more accurate reliability pre-
diction method.
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